of the magnetic nanoparticles with the help of magnetic characterization techniques is of great importance. Typically, magn etic nanoparticles contain a non-magnetic shell, giving rise to a hydrodynamic size of the particle as a whole, next to the size of the magnetic core.
An important magnetic method to characterize the nanoparticles' sizes is to analyze the room temperature magnetization curve [12] [13] [14] [15] . As the sample magnetization in an external field depends on the size of the nanoparticle magnetic moments, it is possible to determine the magnetic moment distribution. Under some assumptions, this can be related to the core diameter distribution. Another promising technique is AC-Susceptibility [16] , where the complex magnetic susceptibility of a sample is measured in a sinusoidal field, which is swept over a large frequency range. This measurement gives information about the size distribution because, in dynamical equilibrium, the phase lag between the magnetic moment of the nanoparticles and the applied magnetic field depends on the particle size. By repeating this measurement in several different offset fields, both the core and hydrodynamic size distributions can be estimated [17] .
Alternatively, one can investigate the relaxation of the magnetic moment of a nanoparticle sample after an externally applied magnetic field is switched off, called magnetorelaxometry (MRX) [18] [19] [20] . By fitting a theoretical model to the measurement data [21, 22] , particle characteristics such as the core and hydrodynamic diameter distributions or aggregation state can be determined. More recently, also the impact of particle interactions on the relaxation curve was investigated [23] [24] [25] .
A recently introduced [26, 27] approach to obtain information about the nanoparticles' size distributions, is thermal magnetic noise spectroscopy (TMNS) in the absence of any external excitation. The physical mechanism behind TMNS and MRX is the same, i.e. both signals originate from the thermal fluctuations in the magnetization due to switching of the magnetic moment or rotation of the particle itself. The difference between both measurement techniques is that in MRX the magnetic moment is recorded as the ensemble relaxes towards equilibrium after an external excitation, whereas TMNS measurements are performed in static equilibrium.
In this paper, we investigate the complementarity and similarity of MRX and TMNS by comparing their performance on several magnetic nanoparticle samples.
Methods
Two distinct physical processes contribute to the signals measured by MRX or TMNS. First, the magnetic moment within the nanoparticle can change its direction, which is called the Néel mechanism [28, 29] . Here, the magnetic moment has to overcome an energy barrier due to the magnetic anisotropy of the nanoparticle in order to switch its direction. Assuming uniaxial anisotropy, the Néel relaxation time τ N for a particle with core volume V c and anisotropy constant K is given by
where
0 is an attempt time typically taken in the range between 10 −8 and 10 −12 s [20] . When looking at the power spectral density S( f ) of the fluctuations in the magnetization [27] , a typical Lorentzian shape [30] , described by equation (2) is found.
Such a spectrum consists of a white noise part at low frequencies and a 1/f 2 part at high frequencies, separated by a cutoff frequency ν N of
The power spectral density, expressed in W Hz −1 is proportional to the square of the measured flux. It is, however, more common to directly show the flux spectral density in fT Hz / . When expressed in these units, the high frequency part of the noise spectrum decays as 1/f.
Secondly, in liquid samples, the entire particle (and consequently also its magnetic moment) can undergo a physical rotation due to its Brownian motion [31] . For a particle with hydrodynamic volume V suspended in a liquid with viscosity η at temperature T, the Brownian relaxation time τ B is given by
where k B denotes the Boltzmann constant. Similarly as with the Néel mechanism, a Brownian cutoff frequency of
can be defined. 
The exponential dependence on the core volume dictates that above a certain size, the Brownian mechanism is much faster than the Néel mechanism. For instance, in the simplified case of nanoparticles, suspended in water at room temperature, in which the core and hydrodynamic size are the same, with = − K 10 kJ m 3 (a value typical for iron-oxide nanoparticles [20] ), the Néel and Brownian relaxation time are 52 ms and µ 6 s, respectively, for 25 nm diameter particles. As the example above illustrates, the Néel mechanism is mainly important in immobilized particles. In liquid samples of thermally blocked particles, the effective relaxation time or fluctuation rate is mostly determined by the Brownian mechanism. We used the data depicted in figure 1 to verify that our particles are thermally blocked, and in the following we will only consider the Brownian mechanism to determine the hydrodynamic size distribution.
In a typical MRX experiment, the nanoparticle sample is first magnetized for one second in an externally applied field in the mT range. Shortly after the field is switched off, the relaxing magnetic moment is recorded for 0.4 s using a sensitive magnetometer like a fluxgate or a SQUID. An MRX measurement thus lasts only a few seconds. The relaxing magn etic moment M is described by the superposition of exponentially decaying functions with relaxation times ( ) τ D , with weights determined by the distribution P(D) of the particle diameter D:
where M 0 the magnetization at time t = 0, subject to the constraint that the magnetization time is long enough to align all magnetic moments with the externally applied field. In our measurements, we used a field of 2.57 mT and the relaxation signal was reduced to 200 logarithmically divided time points. After subtracting the separately measured background noise, the data can be used in further analyses. The noise spectrum S( f ) consists of a superposition of Lorentzians with cutoff frequencies ν:
The noise spectra are recorded in two frequency windows, consisting of 1600 points between 0.78 Hz and 624 Hz and 25 500 points between 156.25 Hz and 80 kHz, averaged 500 and 5000 times, respectively. Because of the high number of averages, capturing the entire spectrum takes several minutes. The spectra are smoothed by first subtracting a separately recorded background noise spectrum and then logarithmically subdividing the entire spectrum into 200 frequencies and taking the median of the values between these frequencies.
All TMNS and MRX measurements were performed with the single channel MRX system in the 8-layered magnetically shielded room at Physikalisch-Technische Bundesanstalt (PTB) Berlin [32] . This device contains a low T c SQUID in a dewar, under which the samples are placed in a 150 μl cuvette, 12 mm below the SQUID.
The samples under study are iron oxide particles [BH] dispersed in water from Berlin Heart GmbH which were diluted with 6 glycerol mixtures with viscosities of 1, 2, 4, 8, 16 and 32 mPa s. We also used cobalt-ferrite particles from Chemicell, which were prepared in glycerol suspensions with viscosities of 1, 9 and 32 mPa s for a fluidMAG-AS/CF [CFAS] sample and 1, 12 and 32 mPa s for a fluidMAG-HS/ CF [CFHS] sample.
Results
First, we investigate the sensitivity of both methods to resolve different particle sizes. After the removal of the external magn etic field, the used relaxometry setup has a dead time of 0.3 ms, in which no useful data can be recorded due to ringing effects. After this dead time, the setup allows one to measure the MRX signal for several seconds. Assuming the viscosity of water, these times correspond to Brownian relaxation times τ B of particles with diameters ranging from 50 nm to a few μm. With the employed setup, the noise spectrum can be obtained between 1 Hz and 80 kHz, corresponding to particles with diameters of 16 nm to µ 1 m. However, depending on the sample concentration, the signal to noise ratio can become too low already around 10 kHz, effectively limiting the setup also to 30 nm. The larger sensitivity of TMNS towards smaller particles is illustrated in figure 2 , where the relaxation curves and noise spectra are shown for the [BH] samples with 6 different viscosities, ranging from η = 1 mPa s to η = 32 mPa s. For the two lowest viscosities (η = 1 or 2 mPa s), the MRX signal becomes very noisy, whereas the noise spectrum displays an acceptable signal to noise ratio over the entire spectrum for even the smallest viscosity. Note that the TMNS data was recorded with the sample as close as possible to the SQUID, which is a few mm closer than the distance used for the MRX measurements.
Equations (5) and (8) imply that the total noise power is independent of the viscosity of the suspension. Figure 3(a) shows all noise spectra from the [BH] dilution series, with the frequencies multiplied by the viscosity η and the flux spectral densities divided by η. On such a plot, all spectra indeed coincide. Similarly, figure 3(b) shows the rescaled noise spectra from the [CFAS] and [CFHS] samples. From a measurement with η = 32 mPa s we learned that, when the viscosity is too high, some cutoff frequencies no longer fall inside the measured bandwidth and the quality of the fit deteriorates again. Therefore, we prepared new samples with a viscosity (determined from their MRX signals) of 1 and 9 mPa s for the [CFAS] sample and 1 and 12 mPa s for the [CFHS] sample. On the same rescaled axes, these spectra again coincide. Relaxation curves for the three different particle systems under investigation, described in detail at the end of the method section. The full lines depict the particles suspended in a 75% glycerol solution with a viscosity 32 η = mPa s, while the dotted lines show the relaxation measured in freeze-dried samples, in which the nanoparticles are immobilized. The immobilized particles relax significantly slower than the particles in the high-viscosity suspension, indicating that the particles can be considered to be sufficiently thermally blocked to only take the Brownian relaxation mechanism into account for the analysis of the liquid samples.
This leads us to conclude that the total power in the noise spectrum is indeed independent of the viscosity. As compared to a suspension in water, samples with the same amount of particles in a suspension with a different viscosity have a spectrum shifted to the left by a factor linear to the increase in viscosity and hence the spectral density increases with the square root of that factor, enabling one to increase the signal to noise ratio at lower frequencies.
We now turn our attention to the performance of both methods to estimate the particle size distributions. When assuming a lognormal diameter distribution [12] 
the parameters μ and σ can be estimated by minimizing the relative error norm
between the measured data X i and the theoretical points Y i , generated using equations (7) and (8). Figure 4 shows the relative error norm as function of μ and σ for a fit to the (a) MRX and (c) TMNS data of the [CFHS] sample. Both figures look very similar, indicating that both methods perform comparably well to estimate the size distribution. It is also visible that there exist an entire range (depicted with a red line) of combinations of μ and σ which give rise to good fits. This is explained with figure 5 . There, three different size distributions are shown, which all correspond to a parameter combination lying on the red lines and are indicated by black crosses in figures 4(a) and (b). Although all three distributions are clearly distinct, they give rise to similar relaxation curves and noise spectra. Especially for shorter times or smaller frequencies, where our data has the best signal to noise ratio, they are almost indistinguishable, indicating that it is an increasingly difficult problem to find the correct size distribution parameters for smaller particles. However, as shown in figure 4(b) , the relative error norm as function of μ (each time for the optimal μ, σ combination) still displays a clear minimum, allowing us to make an accurate fit. Although both methods give rise to a minimum at approximately the same μ, the minimum is better defined for the MRX than for the TMNS data. This can be attributed to the fact that, when it is possible to measure the MRX signal, it generally has a higher signal to noise ratio than a TMNS measurement of the same sample. In table 1 the best estimates of μ and σ for all our measurements are shown.
For the [BH] samples, all size distributions obtained from TMNS data are more or less in agreement with each other and were used to determine the accuracy of these estimates. They also agree with the estimates obtained from MRX measurements of samples with the highest viscosities. For lower viscosities it was no longer possible to correctly estimate the size distribution as the relaxation was too fast to be captured, which is also visible on figure 2(a). In these fits σ was kept constant to obtain the estimated size distribution while avoiding the difficulties related with multiple μ, σ combinations giving rise to comparably good fits for such small particles.
For the [CFHS] and [CFAS] samples, the estimated size distributions all agree, except for the MRX data with η = 1 mPa s, for which the fit uncertainty is very large, and for TMNS data with η = 32 mPa s. For these spectra, some cutoff frequencies lied outside the measured bandwidth and consequently the estimated size distributions are not reliable. For these particle systems, we can also compare the estimated size distributions with the z-average (intensity based harmonic mean diameter) determined with dynamic light scattering [33] (DLS). The z-averages of the [CFHS] and [CFAS] samples were determined to be 69.7 nm and 67.7 nm, respectively. These values compare reasonably well with the z-averages of ± 75 6 nm and ± 65 6 nm, respectively, as calculated from the estimated lognormal size distributions determined from the MRX and TMNS data. The large uncertainty on these numbers originates in the conversion from a diameter distribution to an intensity (proportional to the sixth power of the diameter) distribution.
Finally, we discuss how the feature that TMNS is an equilibrium measurement method can complement studies performed with MRX at different magnetization field strengths. When investigating the relaxation rate of the magnetic moment as function of the magnetization field strength, a slight dependency is observed. This might originate in differences in the aggregation states, and thus in the inter-particle interactions [24] . For instance, chains can be formed during the presence of a large external field, and break up again during the relaxation phase. In future studies of this topic TMNS can be a valuable tool to give information at the lowest field strengths <60 A m −1 where the MRX signal is no longer measurable. Estimates of the size distributions of all measured samples. A ' * ' means that σ was kept fixed to this value. The errors on μ were based on a 10% uncertainty on η and the uncertainty on the fit itself. The uncertainty on σ is negligible when it is not given. 
Conclusion
We compared two magnetic characterization methods which allow one to estimate the size distribution of suspended magnetic nanoparticle samples. Both MRX and TMNS are based on the same physical principle, i.e. the thermal fluctuations in the nanoparticle motions of their magnetic moments. The measured data could be interpreted by modeling these physical processes. Here, we focused on the determination of the hydrodynamic size distribution of thermally blocked nanoparticles. Because both MRX and TMNS are only sensitive to hydrodynamic particle diameters over 50 nm and 30 nm diameter, respectively (assuming the viscosity of water), it is a nontrivial problem to find the correct lognormal size distribution parameters (µ σ , ). We showed that the sensitivity towards smaller particles is better for TMNS than for MRX: for the lowest viscosities, it was still possible to accurately estimate the size distribution whereas the MRX signal of the same samples was too weak to make a reliable estimate. However, when both methods are applicable, e.g. for sufficiently large particles or for samples with a sufficiently high viscosity, MRX is to be preferred because it has a better signal to noise ratio, leading to an improved accuracy in a reduced measurement time. Hence, TMNS shows promising features to complement MRX as it is able measure the nanoparticles in the absence of an external excitation and is more sensitive towards smaller particles.
